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ABSTRACT 
 
Building mathematical models and examining the compatibility of their 
theoretical predictions with empirical data are important for our understanding of 
evolution.  The rapidly increasing amounts of genomic data on polymorphisms 
greatly motivate evolutionary biologists to find targets of positive selection.  
Although intensive mathematical and statistical studies for characterizing 
signatures of positive selection have been conducted to identify targets of positive 
selection, relatively little is known about the effects of other evolutionary forces 
on signatures of positive selection.  In this dissertation, I investigate the effects of 
various evolutionary factors, including purifying selection and population 
demography, on signatures of positive selection.  Specifically, the effects on two 
highly used methods for detecting positive selection, one by Wright‟s FST and its 
analogues and the other by footprints of genetic hitchhiking, are investigated.  In 
Chapters 2 and 3, the effect of purifying selection on FST is studied.  The results 
show that purifying selection intensity greatly affects FST by modulating allele 
frequencies across populations.  The footprints of genetic hitchhiking in a 
geographically structured population are studied in Chapter 4.  The results 
demonstrate that footprints of genetic hitchhiking are significantly influenced by 
geographic structure, which may help scientists to infer the origin and spread of 
the beneficial allele.  In Chapter 5, the stochastic dynamics of a hitchhiking allele 
are studied using the diffusion process of genetic hitchhiking conditioned on the 
fixation of the beneficial allele.  Explicit formulae for the conditioned two-locus 
diffusion process of genetic hitchhiking are derived and stochastic aspects of 
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genetic hitchhiking are investigated.  The results in this dissertation show that it is 
essential to model the interaction of neutral and selective forces for correct 
identification of the targets of positive selection.  
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CHAPTER 1: INTRODUCTION 
Population genetics plays an important role in our understanding of the 
mechanisms of evolution.  Major evolutionary processes such as speciation 
usually take millions of years and are difficult to directly observe.  Therefore, 
building mathematical models of evolutionary processes and comparing their 
theoretical predictions with empirical data of polymorphism in extant populations 
are necessary for understanding the mechanisms of evolution.  In this dissertation, 
I study the interacting effects of random genetic drift and natural selection on 
patterns of polymorphism in populations.  All of the models in this dissertation 
are stochastic and include random genetic drift, which is inherent in every finite 
population.  Although intensive mathematical and statistical studies have been 
conducted to study the effects of neutral and selective forces on the pattern of 
polymorphisms (Kimura 1983, Gillespie 1991), relatively little is known about the 
effects of other evolutionary forces on signatures of positive selection.   With the 
rapidly increasing genomic data of polymorphisms in various organisms, active 
researches to identify targets of positive selection are conducted (Akey et al. 2002, 
Harr et al. 2002, Akey et al. 2004, Carlson et al. 2005, Nielsen et al. 2005, Kelley 
et al. 2006, Voight et al. 2006, Sabeti et al. 2007, Williamson et al. 2007, Nielsen 
et al. 2009, Pickrell et al. 2009, Grossman et al. 2010).  Although many regions 
have recently been reported as targets of positive selection, the overlap of them 
among different genomic studies is low (Nielsen et al. 2007, Akey 2009).  Many 
of the targets found in one study are not found in another study.  This 
inconsistency indicates false positive and negative detections of targets of positive 
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selection by current methods.  To correctly understand the mechanisms of 
evolution and apply the knowledge in practical fields such as medicine and 
conservation, accurate description of signatures of positive selection is critical.  
Recent genomic studies identified evidence for the presence of both positive and 
negative (purifying) selection in the genome of various organisms (e.g., 
Bustamante et al. 2005, Clark et al. 2007, Drosophila 12 genomes Consortium 
2007, Barreiro et al. 2008, Boyko et al. 2008, Halligan et al. 2011).  Moreover, 
many of these studies found purifying selection appears to be much more frequent 
than positive selection.  Therefore, purifying selection may severely affect 
signatures of positive selection.   
In this dissertation, I examine how the mathematical and statistical 
methods for detecting positive selection are affected by the presence of other 
evolutionary forces including purifying selection and population demography.  In 
Chapters 2 and 3, I investigate the effect of purifying selection on Wright‟s FST 
and its analogues.  The increasing amounts of genome-wide data of 
polymorphisms in various populations are being intensively used by evolutionary 
biologists to identify targets of population-specific positive selection (local 
adaptation).  The distribution of FST at genomic positions is described and outliers 
in the distribution are considered to be potential targets of local adaptation 
(reviewed in Akey 2009).  This approach is based on the assumption that the vast 
majority of positions are under the same evolutionary forces.  This assumption is 
violated when different positions are under different degree of functional 
constraints.  Therefore, it is important to investigate how the distribution of FST at 
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genomic positions is affected by the strength of purifying selection.  In Chapter 2, 
the significance of the effect of purifying selection on FST is empirically 
demonstrated with genomic data of human SNPs.  FST is defined and calculated at 
individual SNP sites in the human genome and the effect of purifying selection 
intensity on the distribution of FST is investigated.  Recent studies on the genome-
wide pattern of polymorphism in humans support widespread existence of 
purifying selection in the human genome (e.g., Williamson et al. 2005, 
Yampolsky et al. 2005, Boyko et al. 2008, Lohmueller et al. 2011).  Therefore, it 
is important to investigate how purifying selection affects FST at human SNP sites.  
Assuming that the difference in evolutionary rates among sites reflects the 
difference in functional constraints, the strength of purifying selection at an 
individual SNP site is estimated by the evolutionary rate at the site (Kumar et al. 
2009).   The genome sequences of 36 mammalian species are used for estimating 
the evolutionary rate at an individual SNP site.  The results suggest that stronger 
purifying selection diminishes FST, which is reflected as a positive correlation 
between evolutionary rates and FST, at human SNP sites.  This relationship 
between purifying selection and FST is found to result from the dependence of FST 
on minor allele frequencies across populations.  Statistical and mathematical 
analyses are conducted to investigate this dependence of FST on minor allele 
frequencies across populations.  Statistical and mathematical analyses are 
conducted to investigate the dependence of FST on minor allele frequencies.  In 
addition to that in identification of targets of local adaptation, the dependence of 
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FST on minor allele frequencies is shown to severely affect the use of FST in 
inference of historical amounts of gene flow.   
Motivated by the empirical observation, computer simulations of 
population differentiation under purifying selection are conducted to predict the 
effect in other organisms in Chapter 3.  The effects of various evolutionary forces 
including mutation and migration rates on FST between populations at bi-allelic 
loci are investigated.  To understand and generalize the results observed in 
Chapter 2, it is important to simulate the process of genetic differentiation 
between populations and examine the effects of various evolutionary forces on 
FST at bi-allelic loci.  In particular, the effect of purifying selection on FST is 
intensively investigated in two different models of population demography under 
different parameter values.  The effects on its application in identification of 
targets of local adaptation as well as estimation of population demographic 
parameters are investigated.  The results show that stronger purifying selection 
diminishes FST with wide range of parameter values.  This effect of purifying 
selection on FST is found to be severe when the migration rate between 
populations is low, which predicts the effect observed in humans may be more 
significant in other organisms with stronger population structure.   
In Chapters 4 and 5, I investigate footprints of positive selection left by 
genetic hitchhiking.  When a beneficial allele rapidly increases in frequency, 
alleles at different loci closely linked to the beneficial allele also rapidly increase 
by genetic hitchhiking.  Genetic hitchhiking helps scientists to infer whether a 
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fixation of an allele was caused by recent positive directional selection because it 
leaves characteristic footprints in genetic regions close to the target of selection. 
Because genetic hitchhiking tends to reduce genetic variation near the target of 
positive selection, evolutionary biologists identify potential targets of positive 
selection by finding regions with low genetic variation (Carlson et al. 2005, 
Nielsen et al. 2005, Williamson et al. 2007, Nielsen et al. 2009).  In Chapter 4, I 
investigate how the beneficial allele and hitchhiking effect spread in a subdivided 
population.  Although intensive mathematical and statistical studies have been 
conducted to characterize the footprints of genetic hitchhiking, most of them were 
conducted in a single panmictic population.  However, a natural population is 
subdivided into demes because of geographic structure and limited amounts of 
migration occur among them.  Therefore, in order for the beneficial allele to 
spread through demes, it needs to spread by migration (Morjan and Rieseberg 
2004).  Unlike previous studies (Slatkin and Wiehe 1998, Santiago and Caballero 
2005), the effects of the geographic structure of a population on the spread of the 
beneficial allele and genetic hitchhiking are investigated in cases where 2Nm > 1 
but m < s, where 2N, m, and s are the effective size of each deme, migration rate, 
and selection coefficient, respectively.  These cases are important, because 
geographic structure of a population may not be detected at isolated neutral loci 
when 2Nm > 1 but may have a significant effect on genetic hitchhiking when m < 
s.  The results show the significance of „hidden‟ geographic structure on genetic 
hitchhiking.   
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In Chapter 5, I investigate the stochastic dynamics of a hitchhiking allele 
during the process of a selective sweep.  The dynamics is studied forward in time 
in a population using a diffusion process of genetic hitchhiking.  With the 
increasing availability of time-series data of polymorphisms in various organisms, 
it is important to study the dynamics of the hitchhiking process as a function of 
time in a population.  The diffusion process is conditioned on the fixation of the 
beneficial allele to investigate its effect on the hitchhiking process. When an allele 
is introduced by a mutation in a population, it is most likely to be lost, just by 
chance, by random genetic drift, even when it is beneficial.  Therefore, 
conditioning the process of genetic hitchhiking on the fixation of the beneficial 
allele has significant effects on the dynamics of alleles.   Previous mathematical 
studies formulated the effect of the conditioning on the dynamics of the beneficial 
allele (Griffiths 2003, Etheridge et al. 2006, Pfaffelhuber et al. 2006, Eriksson et 
al. 2008).  I formulate the effect of the conditioning on the dynamics of alleles at 
the neutral locus in a diffusion approximation of the hitchhiking model.  
Stochastic aspects of genetic hitchhiking such as „reverse hitchhiking‟ are 
quantitatively investigated.   
 In summary, the results in this dissertation show the importance of 
interacting effects of various evolutionary forces on patterns of polymorphisms in 
natural populations.  Signatures of positive selection described by currently 
available methods are shown to be significantly affected by confounding factors 
such as purifying selection and population demography.  Modeling the interaction 
of various evolutionary forces and examining the compatibility of the theoretical 
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predictions with actual empirical data are essential for our understanding of the 
mechanisms of evolution.                                                    
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CHAPTER 2: EMPIRICAL DETERMINATION OF THE DEPENDENCE OF 
POPULATION DIFFERENTIATION MEASURES ON MINOR ALLELE 
FREQUENCIES AT HUMAN SNP SITES 
Abstract 
Wright‟s FST and other similar statistics are often used by evolutionary biologists 
to quantify the degree of population differentiation at genetic loci.  Their 
applications include identification of potential targets of local adaptation and 
estimation of the amount of gene flow between populations.  Therefore, 
understanding their biological and mathematical properties is important for 
correct interpretation of empirical data.  In this research, I determine the 
dependence of population differentiation measures on minor allele frequencies at 
SNP sites, using genomic data of human SNPs in protein coding regions.  In 
particular, it is shown that the maximum of FST at a site is a monotonically 
increasing function of the minor allele frequency.  Because of this property, FST at 
sites with low minor allele frequencies are inevitably limited to low values.  As a 
result, purifying selection at sites decreases FST values because it decreases minor 
allele frequencies.  This is shown empirically as a positive correlation between 
FST and site-specific long-term evolutionary rates measured from multi-species 
alignments.  Furthermore, it is shown that FST can be highly overestimated using 
data with ascertainment biases, where polymorphic sites are identified in a sample 
of a few sequences and then allele frequencies at the identified sites are examined 
in a larger sample, due to this property.  The finding in this research shows that 
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we need to correct the difference in minor allele frequencies, when we compare 
FST at different sites to evaluate the degree of genetic differentiation between 
populations.  
Introduction 
Wright‟s FST (Wright 1951) and other similar statistics are widely used by 
evolutionary biologists in order to quantify population structures and estimate 
migration rates between populations.  FST measures the degree of genetic 
differentiation between populations by showing the proportion of between- 
population components of genetic variation (heterozygosity) in the total 
population.  In recent years, the artificial dependence of FST on within-population 
heterozygosity was criticized and led to the formation of new measures of 
population differentiation, which are supposedly independent of within-
population heterozygosity (Hedrick 2005; Jost 2007, 2008).  Those studies were 
motivated by empirical observations of unreasonably low values of FST at loci 
with high mutation rates such as microsatellites.  The new statistics removed the 
unreasonably low upper limit of FST at high-diversity loci (Jost 2008, Meirmans 
and Hedrick 2011).  The issue of the dependence of FST  on allele frequencies at 
high-diversity loci has been actively discussed but considered to cause few 
problems at low-diversity loci, including single nucleotide polymorphism (SNP) 
sites (Meirmans and Hedrick 2011, Whitlock 2011).  However, in this research, I 
determine that FST is also highly dependent on allele frequencies at low-diversity 
loci but the nature of the dependence is different from that at high-diversity loci.  
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This problem was found when I examined the relationship between FST and 
evolutionary rates at SNP sites in protein-coding regions in the human genome.  
The nature and biological significance of the problem are discussed in this 
research. 
Materials and Methods 
Analysis of SNPs in protein-coding regions 
The relationship between FST and evolutionary rates is investigated at SNP sites in 
protein-coding regions.  I analyzed 15,432 nonsynonymous SNPs (nSNPs) from 
6,494 genes and 18,001 synonymous SNPs (sSNPs) from 7,549 genes in the data 
set published by Lohmueller et al. (2008).  This data set contains resequencing 
data of allele frequencies in African American (AA) and European American 
(EA) populations.  The average number of chromosomes resequenced in AA and 
EA populations at the sites is 28 and 37, respectively.  Each SNP site was 
classified into a CpG or non-CpG site based on the context in the dinucleotides in 
the reference human genome sequence (hg 19).  If a site is C followed by G or G 
preceded by C, it is classified into a CpG site.  Otherwise, the site is classified 
into a non-CpG site.  At each SNP site, FST is calculated from sample allele 
frequencies in AA and EA populations.  The absolute rate of evolution (r) is also 
estimated at each SNP site by mapping sequence differences among 36 
mammalian species onto their evolutionary tree (Figure 1A) and dividing the 
inferred number of nucleotide substitutions by the total time summed over all tree 
branches (see Kumar et al. 2009). The alignment of nucleotide sequences of 36 
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mammalian species was made for this purpose, following the procedures outlined 
in Kumar et al. (2009). 
Calculation of FST at each SNP site 
I use the formula by Nei for defining FST at each SNP site.  FST between two 
demes at a bi-allelic locus is given by 
                                                         
     
  
   
  
  
,                                  (2.1)                                                    
where      
     
 
    
     
 
 ,    
                       
 
 , and p1 and p2 are 
frequencies of an allele in demes 1 and 2, respectively (Nei, 1977).  HT and HS are 
the heterozygosity in the total population and the average heterozygosity across 
subpopulations (demes), respectively.  FST is estimated from the sample by the 
following equation: 
                                                           
     
  
,                                                 (2.2) 
where        
  
   
 and      
   
     
  .     is the harmonic mean of the sample 
size across populations (Nei and Chesser, 1983). 
Sliding window analysis of SNPs 
 To show the relationship among estimates of population differentiation, 
evolutionary rates (r) and MAF, SNP sites are binned according to r/MAF such 
that each bin contains 1,000 SNP sites except for r = 0 and the bin with the 
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highest r/MAF.  Then, data on sites with negative values of population 
differentiation estimates are removed before the subsequent analyses.     
Examination of the effect of ascertainment biases 
I examined the effect of ascertainment biases on FST, using the HapMap phase I 
data (Altshuler et al. 2005).  The effect of ascertainment biases is examined by 
comparing minor allele frequencies (MAF) and FST at SNP sites in ENCODE 
regions with those at SNP sites outside ENCODE regions.  FST between CEU and 
YRI populations at each site on chromosome 7 is calculated from their allele 
frequencies.  There are three 500kb ENCODE regions, ENm010 (26,699,793-
27,199,792, NCBI build 34 coordinates), ENm013 (89,395,718-89,895,717), and 
ENm014 (126,135,436-126,632,577), on chromosome 7 in the data.   Those sites, 
where allele frequencies are available in both of the two populations and 
polymorphism is observed, are used for the subsequent analysis. 
Results 
Attributes of the SNPs in the Lohmueller et al. data set 
Figure 2.1B shows the distribution of SNPs among genes.  A vast majority of 
genes contain single or a few SNPs but some genes contain several SNPs.  The 
distribution of evolutionary rates at SNP sites is shown in Figure 2.1C.  Overall, 
evolutionary rates at nSNP sites are lower than those at sSNP sites (P < 10
-15
 in t-
test).  The distribution at nSNP sites is very different from that at sSNP sites:  The 
distribution is highly skewed to the right at nSNP sites, whereas it is much less 
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skewed at sSNP sites.  Because of the difference, nSNP and sSNP sites are 
analyzed separately in the subsequent results. 
The effect of purifying selection on FST at SNP sites 
Assuming that the long-term evolutionary rate (r) is mainly determined by 
functional constraint, the evolutionary rate at a site represents the strength of 
purifying selection specific to the site.  Therefore, I investigate the relationship 
between the strength of purifying selection and FST at SNP sites, by using 
evolutionary rates as proxies for the strength of purifying selection at sites.  
Figure 2.2 shows the relationship between r and FST at nSNP sites.  There is a 
strong positive correlation between them (P < 10
-25
 in Pearson correlation 
analysis).  The strong correlation remains when nSNPs at CpG and non-CpG sites 
are analyzed separately (Table 2.1).  Therefore, the results indicate that stronger 
purifying selection leads to less population differentiation between populations at 
SNP sites (see also, Barreiro et al. 2008).  There is also a positive, but weaker 
correlation between r and FST at sSNP sites (Figure 2.3, P < 10
-2
).  I found that 
these positive correlations between r and FST at SNP sites result from dependence 
of FST on minor allele frequencies (MAF).  MAF in this study is defined to be the 
frequency of the allele rarer in the total population that consists of all of the 
populations under examination.  A strong positive correlation between MAF and 
FST is observed at nSNP sites (Figure 2.4, correlation coefficient = 0.49, P < 10
- 
25
).  Similar patterns are seen when other widely used measures of population 
differentiation such as Weir and Cockerham‟s θ (Weir and Cockerham 1984) and 
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Jost‟s D (Jost 2008), are used (Figure 2.5).    Furthermore, the positive correlation 
between r and FST at nSNP sites disappears when the effect of minor allele 
frequencies is controlled in partial correlation analysis (P = 0.74).  These results 
indicate that stronger purifying selection reduces FST at SNP sites, which results 
in the observation of the positive correlation between r and FST, just because it 
reduces frequencies of mutant alleles (Subramanian and Kumar 2006).   
 The dependence of FST on MAF exists regardless of the presence of 
purifying selection because it is observed even in simulated data of polymorphic 
sites under neutral evolution (results shown in Chapter 3).  In addition, the 
nonsignificant result in the correlation analysis between r and FST at CpG sSNP 
sites is explained by the fact that the positive correlation between r and MAF does 
not exist in this class of SNP sites (Figure 2.6). 
The effect of ascertainment biases on FST at SNP sites 
I also examined the effect of ascertainment biases on FST, as widely used human 
SNP data sets suffer from ascertainment biases (Clark et al. 2005).  When 
polymorphic sites are discovered in samples of only a few sequences and then 
size of samples is expanded, the average MAF in such samples becomes much 
higher compared to that in bias-free samples, because sites with higher MAF are 
more likely to be identified in small samples.  Therefore, due to the dependence of 
FST on MAF, different values of FST can be seen from different data sets of SNPs 
with different degree of ascertainment biases.  Using allele frequencies in CEU 
and YRI populations in HapMap phase I data (Altshuler et al. 2005), I compared 
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estimates of FST at SNP sites in ENCODE regions with those of FST at SNP sites 
outside ENCODE regions on human chromosome 7 (see Materials and Methods).  
Table 2.2 shows that the average MAF at SNP sites in ENCODE regions, which 
suffer from few ascertainment biases, is much lower than that at SNP sites outside 
ENCODE regions.  As a result, the average FST in ENCODE regions is much 
higher than that outside ENCODE regions (0.071 compared to 0.042).  If 
researchers infer historical amounts of gene flow from the average FST values, for 
example, by using the commonly used equation 4Nm = (1 – FST)/FST , the 
ascertainment bias observed here leads to an underestimation of the migration rate 
by approximately 43 %. 
 The nature of the dependence of population differentiation measures on MAF      
I further investigated the nature of the dependence of FST and other similar 
statistics on MAF.  Consider FST between two demes at a bi-allelic locus, which is 
defined by equation 2.1 above.   Let M be the MAF,  
     
 
, where p1 and p2 
are frequencies in demes 1 and 2, respectively, of the allele, which is minor in the 
total population. Then, it can be shown that the maximum FST with given M          
(, which is reached when p1 = 0 and p2 = 2M or p1 = 2M and p2 = 0,) is 
                                                            
 
   
,                                               (2.3) 
which is a monotonically increasing function of M.  Therefore, only a small value 
of FST is possible at a SNP site with low MAF, while scientists generally expect 
that FST takes a value between zero and one.  When MAF decreases, HT and HS in 
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equation 2.1 above both decrease.  However, HT decreases more than HS with a 
given decrease in MAF, because the former is a second order function of MAF, 
while the latter is approximately a first order function of MAF when the mutation 
rate is low.  This explains why FST decreases when MAF decreases at SNP sites.   
 It is possible to make the maximum value of FST one irrespective of MAF 
by developing a new measure of population differentiation,    
 = FST/FST(max).  
However, when it is applied to nSNP sites in Lohmueller et al. data set, a negative 
correlation is observed between MAF and    
  (Figure 2.7).  A similar negative 
correlation is seen when |p1 – p2|/(p1 + p2) is used as a measure of population 
differentiation.  These may be explained by considering the relationship between 
the age of polymorphism and actual degree of population differentiation at the 
locus.  When a derived allele is young and has a low frequency, it is likely to be 
confined in the deme where it originated.  Therefore, the dependence of 
population differentiation measures on MAF seems inevitable even when they are 
normalized such that their maxima are independent from MAF. 
Discussion 
Wright‟s FST is widely used by scientists for quantifying population structures 
with increasing data of genomic sequences.  Its applications include estimation of 
the amounts of historical gene flow and identification of potential targets of local 
adaptation.  Therefore, it is important to understand its properties and how the 
degree of genetic differentiation between populations is quantified by FST.  This 
research determined the dependence of population differentiation measures on 
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MAF and demonstrated why it is problematic when they are applied to empirical 
data.  While recent debates on properties on FST focused on decreasing FST with 
increasing heterozygosity at loci with high mutation rates (Hedrick 2005; Jost 
2007, 2008; Meirmans and Hedrick 2011; Whitlock 2011), this research finds 
increasing FST with increasing heterozygosity (MAF) at loci with low mutation 
rates.  This artificial dependence of FST on MAF identified here explains the 
negative correlation between purifying selection intensity and FST at human SNP 
sites.  Stronger purifying selection, which is reflected as lower evolutionary rates, 
leads to lower MAF and therefore lower FST at human SNP sites.  This 
dependence of FST on MAF should now be considered when interpreting and 
comparing results from population genomic studies.  For example, it is important 
when inferring the difference in female and male migration rates from SNP data.  
FST at sites on the Y chromosome and that at sites in the mitochondrial genome 
are compared to detect the difference (Seielstad et al. 1998).  It is necessary to 
compare FST at sites with similar minor allele frequencies to correctly detect the 
difference.  It is also important when inferring the difference in genetic 
differentiation among populations between different sets of populations.  For 
example, African populations are known to have higher MAF across populations 
than non-African populations (Tishkoff and Kidd 2004).  This may lead to 
incorrect inference of greater degree of genetic differentiation among African 
populations compared to that among non-African populations.  Recently, a 
number of studies examined the genomic distribution of FST at SNP sites in order 
to identify positions under local adaptation (Akey et al. 2002, Izagirre et al. 2006, 
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Lohmueller et al. 2006, Norton et al. 2007, Myles et al. 2008, Pickrell et al. 2009).  
These studies are based on the idea that positions under local adaptation show 
greater degree of population differentiation compared to that under migration-
genetic drift equilibrium (Lewontin and Krakauer 1973).  Therefore, an outlier of 
FST is considered as a candidate of a position under local adaptation.  However, 
the results shown here strongly suggest that false positive or negative detection of 
positions under local adaptation is likely if the dependence of FST on MAF is not 
taken into account.  This is particularly true when the approach is taken in 
organisms with low migration rates, because the artifact becomes more severe 
when FST values are limited by low MAF despite the actual high differentiation 
between populations.  The correct identification of positions under local 
adaptation is approached by pooling SNPs with similar MAFs and making 
groups of distributions.   
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A. Raw data 
Data class No. of SNPs Coefficient p-value 
nSNPs at non-CpG sites  11,064 0.10 P < 10
-23
  
nSNPs at CpG sites  4,368 0.07    P < 10
-5 
sSNPs at non-CpG sites  11,625 0.08    P < 10
-17 
sSNPs at CpG sites 6,376 -0.02    P = 0.1 
 
B. Sliding window 
Data class Coefficient p-value 
nSNPs at non-CpG sites  0.62 P < 10
-2
  
nSNPs at CpG sites  0.54    P = 0.058
 
sSNPs at non-CpG sites  0.93    P < 10
-8 
sSNPs at CpG sites -0.26    P = 0.28 
 
Table 2.1. Pearson correlation analysis of raw data (A) and sliding window 
analysis (B) between evolutionary rates (r) and FST at SNP sites in the Lohmueller 
et al. (2008) data set.  Data on sites with negative values of FST are removed in the 
sliding window analysis. 
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Region No. of SNPs MAF FST 
ENCODE 3,555 0.131 ± 0.0044 0.042 ± 0.0020 
Outside ENCODE 150,539 0.200 ± 0.0008 0.071 ± 0.0004 
Note. Allele frequencies in CEU and YRI populations at SNP sites on 
chromosome 7 in HapMap phase I data are used.  Average ± two standard error 
are shown for MAF and FST. 
Table 2.2. Comparison of minor allele frequency (MAF) across populations and   
FST at SNP sites in ENCODE regions with those at SNP sites outside ENCODE 
regions. 
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A. Evolutionary time-tree of 36 mammalian species used for estimating 
evolutionary rates (Kumar et al. 2009). 
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B. The frequency distribution of the number of nonsynonymous (Nonsyn) and 
synonymous (Syn) SNPs in human protein-coding genes. 
 
C. The frequency distribution of nucleotide evolutionary rates at nonsynonymous 
(Nonsyn) and synonymous (Syn) SNP sites.   
 
Figure 2.1. Properties of the data analyzed.  The scale on the x-axis in B is a 
logarithm of base ten.  The average rates at nonsynonymous and synonymous 
SNP sites in C are 1.20 and 2.39 substitution/site/Byr, respectively.   
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Figure 2.2. The relationship between average evolutionary rates (r) and FST 
between African American (AA) and European American (EA) populations at 
nonsynonymous SNP (nSNP) sites in the Lohmueller et al. (2008) data set.  SNP 
sites were binned according to r.  Each bin contains 1,000 SNPs (except for r = 0 
and the bin with the highest r) and its average FST
 
(and ±2 standard error) is 
plotted.  Data on sites with negative values of FST are removed. 
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A. Overall (sSNP) 
 
B. Non-CpG (sSNP) 
 
C. CpG (sSNP) 
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Figure 2.3. The relationship between average evolutionary rates (r) and FST 
between African American (AA) and European American (EA) populations at 
synonymous SNP (sSNP) sites in the Lohmueller et al. (2008) data set.  SNP sites 
were binned according to r.  Each bin contains 1,000 SNPs (except for r = 0 and 
the bin with the highest r) and its average FST
 
(and ±2 standard error) is plotted.  
Data on sites with negative values of FST are removed. 
 
  
27 
 
A.  Overall (nSNP) 
 
B.  Non-CpG (nSNP) 
 
C.  CpG (nSNP) 
 
0
0.02
0.04
0.06
0.08
0.1
0.12
0.14
0.16
0 0.1 0.2 0.3 0.4 0.5
A
ve
ra
ge
 ±
tw
o
 s
.e
. o
f 
F S
T
Average MAF across populations
0
0.02
0.04
0.06
0.08
0.1
0.12
0.14
0.16
0 0.1 0.2 0.3 0.4 0.5
A
ve
ra
ge
 ±
tw
o
 s
.e
. o
f 
F S
T
Average MAF across populations
0
0.02
0.04
0.06
0.08
0.1
0.12
0.14
0.16
0 0.1 0.2 0.3 0.4 0.5
A
ve
ra
ge
 ±
tw
o
 s
.e
. o
f 
F S
T
Average MAF across populations
28 
 
Figure 2.4. The relationship between average minor allele frequency (MAF) 
across populations and FST between African American (AA) and European 
American (EA) populations at nonsynonymous SNP (nSNP) sites in the 
Lohmueller et al. (2008) data set.  SNP sites were binned according to MAF.  
Each bin contains 1,000 SNPs (except for the bin with the highest MAF) and its 
average FST
 
(and ±2 standard error) is plotted.  Data on sites with negative values 
of FST are removed. 
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A. Weir and Cockerham‟s θ 
 
B. Jost‟s D 
 
Figure 2.5.  The relationship between average minor allele frequency (MAF) 
across populations and Weir and Cockerham‟s θ (A) or Jost‟s D (B) between 
African American (AA) and European American (EA) populations at 
nonsynonymous SNP (nSNP) sites in the Lohmueller et al. (2008) data set.  
Each bin contains 1,000 SNPs (except for the bin with the highest MAF) and its 
average MAF (and ±2 standard error) is plotted.  Data on sites with negative 
values of theta or D are removed.  
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Figure 2.6. The relationship between average evolutionary rates (r) and minor 
allele frequency (MAF) across populations at CpG synonymous SNP (sSNP) sites 
in the Lohmueller et al. data set (2008).    SNP sites were binned according to r.  
Each bin contains 1,000 SNPs (except for r = 0 and the bin with the highest r) and 
its average MAF (and ±2 standard error) is plotted.  Data on sites with negative 
values of FST are removed. 
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Figure 2.7. The relationship between average minor allele frequency (MAF) 
across populations and FST’ between African American (AA) and European 
American (EA) populations at nonsynonymous SNP (nSNP) sites in the 
Lohmueller et al. (2008) data set.   SNP sites were binned according to MAF.  
Each bin contains 1,000 SNPs (except for the bin with the highest MAF) and its 
average FST’ (and ±2 standard error) is plotted.   
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CHAPTER 3: SIMULATION OF GENETIC DIFFERENTIATION BETWEEN 
POPULATIONS UNDER PURIFYING SELECTION 
Abstract 
Quantifying the degree of genetic differentiation between populations is important.  
Wright‟s FST and similar statistics are often used by evolutionary biologists for 
this purpose.  However, previous studies showed that FST is dependent on allele 
frequencies and may not measure the actual differentiation between populations.  
In this study, I explore the effects of various evolutionary forces on allele 
frequencies and FST at bi-allelic loci by computer simulations.  The effects of 
neutral and selective forces on FST are examined in subdivided population and 
population split models.  The results show that purifying selection greatly affects 
FST by modulating minor allele frequencies across populations in both models.  
Overall, stronger purifying selection lowers minor allele frequencies and FST.  This 
results in severe underestimation of migration rates and time since the population 
split under the presence of widespread purifying selection, when they are 
estimated by FST, assuming neutral equilibrium.  The difference in minor allele 
frequencies must be considered when evaluating the difference in genetic 
differentiation between pairs of populations by FST. 
Introduction 
Quantifying the amount of genetic differentiation between populations is 
important for several reasons.  First, it is important for understanding the 
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mechanisms of evolution.  Scientists measure genetic differentiation among 
populations to understand how much genetic variation in a species is due to 
variation among populations.  Genetic differentiation between geographically 
distant populations plays an important role in major evolutionary processes, 
including speciation (Beaumont 2005).  Second, it is important for practical 
purposes.  For example, measuring genetic difference between populations is 
important for understanding the genetic cause of the difference in susceptibility to 
a disease between human populations (e.g., Lohmueller et al. 2006, Myles et al. 
2008, Amato et al. 2009).  In conservation biology, understanding the genetic 
differences between populations is important when making strategies for 
maintaining genetic variation of an endangered species (e.g., Palumbi 2003, 
Pearse and Crandall 2004, Wang 2004, Charruau et al. 2011).  Wright‟s FST 
(Wright 1951) and its analogues are widely used by evolutionary biologists for 
measuring genetic differentiation between populations (reviewed in Holsinger and 
Weir 2009).  The amount of genetic variation found in the total population, which 
is made by combining all of the populations under examination, is partitioned into 
between-populations and within-population components in these statistics.  Then, 
FST represents the proportion of the between-populations component of the 
genetic variation in the total population.  FST is a convenient measure because it 
quantifies the degree of genetic differentiation at various kinds of loci in various 
organisms.  However, recent studies have demonstrated that values of FST are 
dependent on allele frequencies and suggest that FST may not be a good measure 
of the actual degree of genetic differentiation between populations.  Specifically, 
34 
 
FST takes unreasonably low values at loci with high mutation rates such as 
microsatellites, when the actual amount of genetic differentiation between 
populations is high (Charlesworth 1998, Hedrick 1999, Long and Kittles 2003, 
Hedrick 2005, Jost 2008).  This problem of FST at loci with high mutation rates 
occurs because the maximum value of FST  inevitably becomes low when within-
populations genetic variation is high.  However, the nature of the dependence of 
FST on allele frequencies is different at loci with low mutation rates including 
SNP sites.  In the previous chapter, I empirically demonstrated that FST at human 
SNP sites is dependent on minor allele frequencies (MAF) across populations.  
The maximum value of FST between populations is a monotonically increasing 
function of MAF at bi-allelic loci and FST at human SNP sites takes higher values 
when minor allele frequencies are higher.                      
        In this study, I further investigate the nature of the dependence of FST on 
minor allele frequencies at bi-allelic loci.  In-depth simulation of genetic 
differentiation between populations is conducted to examine how the change in 
evolutionary forces influences values of FST.  This is important for understanding 
how the dependence on minor allele frequencies at bi-allelic loci influences FST at 
different loci in different organisms.  Because evolutionary biologists often infer 
historical amounts of gene flow and time since population separation using FST 
(e.g., Weir and Hill 2002, Ramachandran et al. 2005, Cox et al. 2008), two 
different models of demography, the population subdivision and population split 
models, are studied.  In particular, I focused on the effect of purifying selection on 
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FST under these demographic models.  The results show that purifying selection 
significantly affects FST in both models by modulating minor allele frequencies. 
Materials and Methods 
Purifying selection in a subdivided population model 
The population in the model is a subdivided population of a diploid organism that 
consists of two demes of effective size N1 and N2.  There are two alleles, A1 and 
A2, at the locus under purifying selection.  The derived allele is assumed to be 
negatively selected with selection coefficient t and dominance coefficient h in 
both of the demes.  Mutation occurs at rate u per generation from allele A1 to 
allele A2, and vice versa, in both demes.  Migration occurs at rate m per generation 
between the demes.  Reproduction occurs according to the Wright-Fisher model 
in each of the demes.   
Purifying selection in a population split model 
An ancestral population of diploid effective size Na is split into two demes of 
diploid effective size N1 and N2 in the model.  There are two alleles, A1 and A2, at 
the locus under purifying selection.  After the split, the frequencies of an allele in 
the two daughter demes are determined by binomial sampling with replacement 
with probability of sampling equal to the allele frequency in the ancestral 
population.  The deleterious allele is assumed to be negatively selected with 
selection coefficient t and dominance coefficient h in every population.  Mutation 
occurs at rate u per generation from allele A1 to allele A2, and vice versa, in every 
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population.  No migration occurs between the demes following the population 
split.  Reproduction occurs according to the Wright-Fisher model in every 
population. 
The simulation of purifying selection in a subdivided population model 
The above model of purifying selection in a subdivided population is simulated by 
a forward-in-time frequency-based simulation.  The initial frequency of the 
deleterious allele is sampled from a beta distribution with parameters a = b = 4Niu  
in deme i.  This is the stationary distribution of allele frequencies in the diffusion 
limit of the neutral Wright-Fisher model in a panmictic population of constant 
size (Otto and Day 2007).  When the deleterious alleles are weakly selected 
against, the stationary distribution of allele frequencies is expected to be similar to 
the neutral equilibrium.  In contrast, when selection is strong, the correct 
stationary distribution will be quickly reached even if the initial frequencies are 
sampled from the neutral equilibrium.  In either case, the equilibrium process can 
be studied by taking a sufficiently long burn-in period at the onset of each 
simulation.  Ten pairs of beta-distributed allele frequencies are used and ten runs 
of simulation are conducted for each set of parameter values unless stated 
otherwise.  Each generation consists of deterministic changes in allele frequencies 
by mutation, migration, and selection, followed by the random sampling of 
surviving individuals using a binomial number generator. 
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The simulation of purifying selection in a population split model 
Purifying selection in the population split model explained above is simulated by 
a forward-in-time frequency-based simulation.  The initial frequency of the 
deleterious allele in the ancestral population is specified by beta distribution with 
parameters a = b = 4Nau.  After 50,000 generations, the ancestral population is 
split into two demes of diploid effective size N1 and N2 by random sampling that 
uses a random binomial number generator.  Time since the population split is 
denoted as T.  Each generation consists of deterministic changes in allele 
frequencies by mutation and selection, followed by the random change by the step 
of random sampling that uses a random binomial number generator. 
Calculation of FST 
FST at a bi-allelic locus between populations is defined as described in Chapter 2 
(page 11).  FST is estimated from a sample of size 30 per deme according to 
equation 2.2.  A sample of alleles is obtained by random sampling that uses a 
binomial random number generator.  In the subdivided population model, FST is 
estimated from a sample every 100 generations, if there is polymorphism in the 
sample, after the burn-in period of 8Nlarger generations, where Nlarger is the diploid 
effective size of the larger deme.  In the population split model, FST is estimated 
from a sample after T generations from the split, if there is polymorphism in the 
sample.  Unless stated otherwise, FST is estimated from a sample in the following 
results. 
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Calculation of effective sample size of time-series data in the simulation of 
purifying selection in a subdivided population 
Because the time-series data of FST and MAF are highly correlated, depending on 
parameter values, in the model of purifying selection in a subdivided population, 
standard errors of FST and MAF are calculated by taking the square root of the 
variance divided by the effective sample size.  Effective sample size of time-
series data of FST and MAF is calculated as the sum of that in each of the chains 
by the function „effectiveSize‟ in the R package „coda‟.        
Results 
The relationship between MAF and FST at a locus under neutral evolution 
Figure 3.1 shows the relationship between MAF and FST between demes at a locus 
under neutral evolution in the subdivided population model.  There is a strong 
correlation between them (correlation coefficient = 0.29, P < 10
-15
 when 2Nm = 2 
in Pearson correlation analysis).  This correlation becomes stronger when the 
migration rate is lower (correlation coefficient = 0.60, P < 10
-15
 when 2Nm = 0.4).  
Figure 3.2 shows the effect of the mutation rate on FST between demes at a locus 
under neutral evolution in the subdivided population model.  FST first increases 
and then decreases with the increase in the mutation rate.  MAF monotonically 
increases with the increase in the mutation rate.  Comparing the figures for FST 
and MAF as functions of the mutation rate, there is a positive correlation between 
them when MAF is less than 0.25.  On the other hand, there is a negative 
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correlation between them when MAF is greater than 0.25.  Figure 3.2 also shows 
the effect of ascertainment biases on MAF and FST.  Ascertainment biases exist in 
the sample because FST is calculated if there is polymorphism at the locus (see 
Materials and Methods).  The minimum MAF in the sample is 1/60, whereas it is 
1/(4N) in the total population.  MAF and FST estimated from sample allele 
frequencies are higher than those calculated from population allele frequencies.  
That is, ascertainment biases increase MAF and FST. 
The effect of the migration rate on FST at a locus under purifying selection in a 
subdivided population model 
Figure 3.3 shows the effect of the migration rate on FST between demes at a locus 
under purifying selection in the subdivided population model.   As empirically 
shown in Chapter 2, there is a negative correlation between the strength of 
purifying selection and FST (correlation coefficient = -0.18, P < 10
-15
 when 2Nm = 
2).  This effect of purifying selection on FST becomes larger when the migration 
rate is smaller. 
The effect of the dominance coefficient on FST at a locus under purifying selection 
in a subdivided population model  
Figure 3.4 shows the effect of the dominance coefficient on FST between demes at 
a locus under purifying selection in the subdivided population model.  When the 
dominance of the deleterious allele increases, MAF decreases.  As a consequence, 
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there is a negative correlation between the dominance coefficient and FST 
(correlation coefficient = -0.09, P < 10
-15
 when 2Nt = 4 and 2Nm = 2). 
The effect of the difference in deme size on FST at a locus under purifying selection 
in a subdivided population model 
Figure 3.5 shows the effect of purifying selection on FST between demes when the 
deme sizes are unequal in the subdivided population model.  When one of the 
demes is one hundred times smaller than the other deme, purifying selection 
increases FST compared to that under neutral evolution.  There is a strong 
correlation between MAF and FST in these cases too.  When MAF increases, FST 
also increases.   
The effect of purifying selection on FST in a population split model 
Figure 3.6 shows the effect of purifying selection on FST between demes in the 
population split model.  There is a negative correlation between the strength of 
purifying selection and FST in this model too (correlation coefficient = -0.25, P < 
10
-15
).  Again, there is a strong correlation between MAF and FST.  Notice that no 
migration between demes after the population split is assumed in this model.  As a 
result, the effect of the purifying selection intensity on FST is high. 
Discussion 
Given the dependence of FST on allele frequencies, it is important to study how 
various evolutionary forces affect FST by modulating allele frequencies.  FST was 
originally defined at bi-allelic loci (Wright 1951) and is considered to be suitable 
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when it is measured at SNP sites (Meirmans and Hedrick 2011, Whitlock 2011).  
The amount of genome-wide data of SNPs is rapidly increasing in various 
organisms and the use of FST at SNP sites is expected to become more important 
(Helyar et al. 2011).  In the previous study, I showed that the maximum of FST 
between populations at bi-allelic loci is an increasing function of MAF and FST is 
limited to low values when MAF is low.  In this study, effects of neutral and 
selective forces on MAF and FST at bi-allelic loci are investigated. 
The dependence of FST on MAF becomes severe when the migration rate is 
low.  This is because FST becomes inevitably low when MAF is low despite the 
actual high differentiation between populations.  The 95 % confidence interval of 
FST under neutral equilibrium is highly dependent on MAF when the migration 
rate is low (Figure 3.1B).  Therefore, the difference in MAF among sites must be 
considered when potential targets of local adaptation are identified as FST outliers.  
The effect of mutation is small when the migration rate is relatively high (2Nm > 
1).  However, when the migration rate is low (2Nm < 1), the mutation rate has a 
significant effect on FST.  FST first increases and then decreases, whereas MAF 
monotonically increases, when the mutation rate increases.  The pattern of FST as 
a function of the mutation rate observed in this research is somewhat surprising, 
because previous theoretical studies predicted that higher mutation rates decrease 
FST (e.g., Takahata and Nei 1984, Wilkinson-Herbots 1998).  Figure 3.7 shows a 
comparison of the expected FST estimated using the population allele frequencies 
simulated in this research with the expected value of FST calculated, using the 
analytical expression, 1/(1+16Nm+8Nu).  FST in this research is lower than the 
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theoretical FST, especially when the mutation rate is low.  This discrepancy 
appears to be due to the different approaches used to calculate the expected value 
of this statistic in these simulations and in previous analytical studies.   FST is 
defined at each site in this research by equation 2.1.  On the other hand, previous 
studies calculated the expected value of FST by setting FST = (E[HT] – 
E[HS])/E[HT].  The discrepancy is due to the fact that E[(HT - HS)/HT]   (E[HT] – 
E[HS])/E[HT], because the expected value of the ratio is generally not equal to the 
expected value of the numerator to that of the denominator.  Another possible 
cause of the discrepancy is that FST is defined at bi-allelic loci in this research, 
whereas the infinite alleles model is assumed in the previous studies.  In fact, a 
recent study on genetic differentiation between two populations at bi-allelic loci 
reports a pattern of a measure of population differentiation as a function of the 
mutation rate similar to that found here (Dewar et al. 2011).  Although the 
ascertainment scheme simulated in this study is different from that in HapMap 
data, the maximum MAF of 1/60 imposed in the sample raises sample FST 
compared with population FST, which is qualitatively consistent with the effect of 
ascertainment biases on FST observed in Chapter 2. 
Strong purifying selection lowers frequencies of deleterious mutations and 
thus MAF and FST.  This effect becomes higher when the migration rate is lower.  
Again, this is because the actual high differentiation with low migration rates is 
limited by the maximum possible value of FST when MAF is low.  The dominance 
coefficient of the deleterious allele affects FST also by modulating MAF.  
Interestingly, when there is a large difference in size between populations, MAF 
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and FST can be increased by purifying selection from neutral values.  This is 
because purifying selection dominates in the larger population, whereas random 
genetic drift dominates in the smaller population, which may lead to larger 
difference in frequencies of the deleterious allele between them. Stronger 
purifying selection also diminishes MAF and FST in the population split model.  
This effect becomes severe when the populations diverged a long time ago.   
Overall, the results in this study show that migration rates and the time since a 
population split could be substantially underestimated if the effects of purifying 
selection on FST statistics are neglected.   Comparison of the degree of genetic 
differentiation between pairs of populations by FST needs to be made using sites 
with similar minor allele frequencies.                                        
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A. 2Nm = 0.4 
 
B. 2Nm = 2 
 
Figure 3.1. Box plots of FST between two demes with 2Nm = 0.4 (A) and 2Nm = 2 
as functions of the minor allele frequency (MAF) across populations in the 
subdivided population model, where m is the migration rate.  The parameter 
values used: N1 = N2 = N = 10
4
, t = 0 and u = 5·10
-6
, where Ni, t, and u are the 
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diploid effective size of deme i, selection coefficient against the deleterious allele, 
and mutation rate, respectively.  The median is shown as the horizontal line 
dividing the box.  The whiskers stop at 5th and 95th percentiles. 
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A. FST 
 
B. MAF 
 
Figure 3.2. FST  between two demes (A) and MAF across demes (B) at a locus 
under neutral evolution as a function of the mutation rate, 2Nu, where u is the 
mutation rate, in the subdivided population model.  The continuous and dashed 
lines are used for sample and population FST/MAF, respectively. The average and 
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two standard error are shown as points and bars, respectively.  The parameter 
values used: N1 = N2 = N = 10
4 
and t = 0, where Ni and t are the diploid effective 
size of deme i and selection coefficient against the deleterious allele, respectively.  
1,000 simulation replicates, each with 100 pairs of initial allele frequencies are 
run.  A burn-in period of 500,000 generations is taken before data are recorded.  
The number of recorded data for each set of parameter values: 10
5
.   
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A. FST 
 
B. MAF 
 
Figure 3.3. The effect of the migration rate on FST between two demes (A) and 
MAF (B) at a locus under purifying selection in the subdivided population model.  
The parameter values used: N1 = N2 = N = 10
4
, u = 5∙10-6 and m = 10-4, where Ni, 
u, and m are diploid effective size of deme i, mutation rate, and migration rate, 
respectively.  The average and two standard error are shown as points and bars, 
respectively.  The number of recorded data for each set of parameter values: 10
5
.  
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A. FST  
    
B. MAF 
 
Figure 3.4. The effect of the dominance coefficient on FST between two demes 
(A) and MAF (B) at a locus under purifying selection in the subdivided 
population model.  The parameter values used: N1 = N2 = N = 10
4
, u = 5∙10-6 and 
m = 10
-4
, where Ni, u, and m are diploid effective size of deme i, mutation rate, 
and migration rate, respectively. The average and two standard error of FST/MAF 
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are shown as points and bars, respectively.  The number of recorded data for each 
set of parameter values: 10
5
. 
  
51 
 
A. FST 
B. MAF 
 
Figure 3.5. The effect of unequal deme sizes on FST between two demes (A) and 
MAF (B) at a locus under purifying selection in the subdivided population model.   
u = 5∙10-6, where u is the mutation rate, is used.  The average and two standard 
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error of FST/MAF are shown as points and bars, respectively.  The number of 
recorded data for each set of parameter values: 10
5
.  
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A. FST  
 
B. MAF 
 
Figure 3.6. FST between demes (A) and MAF (B) at a locus under purifying 
selection in the population split model.   The parameter values used: Na = 24,000, 
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N1 = 24,000, N2 =7,700, u = 5∙10
-6
, h = 0.5, where Na, Ni, u, and h are the diploid 
effective size of the ancestral population, diploid effective size of deme i, 
mutation rate, and dominance coefficient, respectively.  The average and two 
standard error of FST/MAF are shown as points and bars, respectively. The 
number of recorded data for each set of parameter values: 2∙104. 
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A. 2Nm = 0.4 
 
B. 2Nm = 2 
 
C. 2Nm = 10 
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Figure 3.7. Comparison of population FST obtained by the simulations in this 
research and theoretical FST by previous researchers as a function of the mutation 
rate u with different migration rates 2Nm = 0.4 (A), 2 (B), and 10 (C), where N 
and m are diploid effective size of each deme and migration rate, respectively.     
The simulation results are identical to those shown in Figure 3.2.  The average 
and two standard error are shown as points and bars, respectively for the 
simulation results.  The theoretical FST is shown by a curve.         
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CHAPTER 4: SPREAD OF A BENEFICIAL ALLELE AND THE 
HITCHHIKING EFFECT IN A SUBDIVIDED POPULATION 
Abstract 
Detecting and analyzing the fixation of an allele caused by positive directional 
selection are important for understanding the mechanisms of evolution.  Genetic 
hitchhiking leaves footprints of such fixation events, which help scientists to infer 
past scenarios of positive directional selection.  Although a great deal of advance 
has been recently made in the development of models of genetic hitchhiking, most 
of the existing models assume a single random-mating population.  Many of 
natural populations show evidence of geographic structure.  Spread of a beneficial 
allele can be delayed by limited amounts of gene flow due to the geographic 
structure in a natural population.  Such delays may have a significant impact on 
footprints of genetic hitchhiking.  Therefore, I investigate the effects of 
geographic structure of a population on the spread of a beneficial allele and 
resulting footprints of genetic hitchhiking.  Island and stepping-stone models are 
used for the population structure and simulation results under the two different 
models are compared to study the effect of distance-dependent migration 
observed in many natural populations.  The strength of the hitchhiking effect is 
measured as degree of the reduction in the average heterozygosity at neutral loci 
closely linked to the selected locus.  Unlike previous studies on genetic 
hitchhiking in a subdivided population, cases with large amounts of migration are 
investigated in this study.  Specifically, it is assumed that 2Nm > 1 but m < s, 
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where 2N, m, and s are effective population size in each deme, migration rate, and 
selection coefficient, respectively.  These conditions are important, because 
geographic structure of a population may not be detected by polymorphism at 
isolated neutral loci but a significant effect on genetic hitchhiking as a result of 
the delay in the spread of a beneficial allele may be observed.  The results show 
that the hitchhiking effect in the total population is diminished by the geographic 
structure because of the increased opportunities for recombination between 
selected and neutral loci due to the increased time taken for the fixation of the 
beneficial allele.  Also, the strength of the hitchhiking effect in each deme is 
shown to decrease with the increase in the distance between the deme and origin 
of the beneficial mutation.  These results suggest that close examination of 
footprints of genetic hitchhiking may reveal „hidden‟ geographic structure of a 
population, which is difficult to detect from polymorphism at isolated neutral loci. 
Introduction 
When a beneficial allele is introduced by a mutation and its frequency rapidly 
increases by positive directional selection, frequencies of alleles on the same 
chromosome as the beneficial allele, at loci closely linked to the selected locus 
also rapidly increase.  This effect is called the hitchhiking effect (Maynard-Smith 
and Haigh 1974) or a selective sweep.  Genetic hitchhiking leaves footprints of 
positive directional selection, which provide means for identifying and analyzing 
recent scenarios of positive selection (reviewed in Nielsen 2005, Sabeti et al. 2006, 
Thornton et al. 2007, Akey 2009, Stephan 2010).  A number of mathematical 
59 
 
studies on genetic hitchhiking have recently been conducted and they provide 
detailed theoretical prediction on the characteristics signatures and tools for 
detecting past scenarios of positive directional selection (Maynard Smith and 
Haigh 1974, Kaplan et al. 1989, Stephan et al. 1992, Fay and Wu 2000, Kim and 
Stephan 2002, Hermission and Pennings 2005, Etheridge et al. 2006).  However, 
the major results were obtained in models in a single panmictic population, where 
geographic structure is ignored. 
Natural populations show geographic structure and are composed of 
several demes.  When migration is geographically limited, mating occurs more 
often among individuals geographically close to each other.  The effect of the 
geographic structure of a population can be examined in simple models, where a 
number of demes, each of which is panmictic, are connected by limited amounts 
of migration (Wright 1940).  In these models, the migration rate, m, represents the 
proportion of migrants coming from other demes in a deme per generation.  One 
of the major results in spatially structured populations is that, if m is sufficiently 
large such that 2Nm > 1, where N is diploid effective size of a deme, 
polymorphism at loci under neutral evolution is well homogenized and the total 
population appears to be panmictic under mutation-migration-genetic drift 
equilibrium (Slatkin 1987).  Therefore, even when populations are actually 
structured (m << 0.5), their geographic structures may not have significant effects 
on patterns of polymorphism at isolated neutral loci, when 2Nm < 1. 
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However, if an evolutionary process rapidly occurs at a time scale shorter than 
that of neutral coalescence, limited amounts of migration may have significant 
effects on footprints of genetic hitchhiking even when 2Nm > 1.  Let s be the 
selection coefficient for the beneficial allele such that the relative fitness of the 
allele is 1 + s.  Then, the spread of the beneficial allele is expected to be affected 
by limited amounts of migration when m < s, regardless of the value of Nm.  That 
is, a significant effect of the geographic structure on the frequency path of the 
beneficial allele is expected in a subdivided population when m <  s.  Then, the 
resulting footprints of genetic hitchhiking may be different from those in a 
panmictic population.  For example, Barton (2000) predicted that the effect of 
genetic hitchhiking in a subdivided population would diminish due to the longer 
time taken for the fixation of the beneficial allele compared to that in a panmictic 
population. 
A few mathematical models of genetic hitchhiking in a subdivided 
population have been previously developed (Slatkin and Whiehe 1998, Santiago 
and Caballero 2005).  They focused on cases with small amounts of migration 
among demes (2Nm << 1), where the fixation of the beneficial allele occurs only 
in one deme at a given time.  They showed that, if there is initially little genetic 
differentiation among demes at neutral loci close to the selected locus, the degree 
of genetic differentiation is increased at the loci linked to the selected locus by 
genetic hitchhiking.  Therefore, Wright‟s FST increases from small to intermediate 
values at the linked loci affected by a selective sweep (Slatkin and Wiehe 1998, 
Bierne 2010).  If, on the other hand, the initial degree of the genetic 
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differentiation among demes at linked loci is high, the genetic differentiation at 
the linked loci is decreased by a selective sweep, because common alleles are 
more likely to hitchhike along with the beneficial allele when recombination is 
limited.  Therefore, FST decreases from large to small values at the linked loci by a 
selective sweep in this case (Santiago and Caballero 2005).  These studies were 
useful in analyses of footprints of positive directional selection in organisms with 
low migration rates, including Drosophila ananassae (Stephan et al. 1998, Baines 
et al. 2004, Das et al. 2004) and Mytilus edulis (Faure et al. 2008). 
In collaboration with Dr. Kim, I investigate cases with more frequent 
migration among demes (2Nm > 1), where long-term neutral polymorphism 
appears to be similar to that under panmictic population, in this study.  In these 
cases, fixation processes of the beneficial allele in different demes can occur at 
the same time.  This biological condition is important, because the geographic 
structure of a population may have a significant effect on footprints of positive 
directional selection, which is not seen at isolated neutral loci.  The results here 
show the importance of this „hidden‟ geographic structure on the pattern of 
polymorphism shaped by a rapid evolutionary process. 
Materials and Methods 
The model 
A schematic figure of a selective sweep in a subdivided population in comparison 
with that in a panmictic population is shown as Figure 4.1.  A positively selected 
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allele, B, rapidly increases along with a hitchhiking allele A at a linked locus in 
the first deme. Such an association is broken down by recombination events, 
which allow some amounts of polymorphism to remain at the linked locus after a 
selective sweep.  The major differences between genetic hitchhiking in a 
subdivided population and that in a panmictic population are described in Figure 
4.1.  First, the time taken for the fixation of allele B is longer in a subdivided 
population, because it takes some time until B introduced by migration from the 
first deme survives stochastic loss due to genetic drift in the second deme.  
Second, opportunities for recombination to break down the association of the 
alleles are expected to increase in a subdivided population.  This is because the 
opportunities monotonically decrease as the frequency of B increases in a 
panmictic population, while there are multiple times when the frequency of B is 
low in a deme in a subdivided population.  This may result in a weaker effect of 
genetic hitchhiking due to the increased breakdowns of association of the alleles 
in a subdivided population.  Importantly, different alleles, either A or a, can be the 
hitchhiking allele in the second deme, depending on which B-bearing 
chromosome, A-B or a-B migrates and establishes in the second deme.                                                            
In this research, the haploid population consists of K demes, each of which 
has effective size 2N.  Demes are structured according to the circular stepping-
stone model if K > 2, unless stated otherwise.  Demes are indexed by numbers 
from 1 to K, indicating their spatial order.  Demes 1 and K are next to each other 
such that the demes form a circular structure.  Generations are non-overlapping 
and each generation consists of four biological processes of selection, 
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recombination, migration, and random genetic drift.  In the migration process, the 
migration rate m specifies the proportion of migrants in a deme coming from the 
neighboring demes (m/2 from deme i-1 and m/2 from deme i+1 in deme i).  When 
K=2, migrants in a deme come from the other deme.  Two bi-allelic loci on the 
same chromosome, one positively selected and the other neutral, are employed to 
model the process of genetic hitchhiking.  Recombination occurs at rate r per 
generation between the two loci.  The beneficial allele B with selective advantage 
s is introduced by a mutation from the ancestral allele b at the selected locus on a 
randomly chosen chromosome in deme 1.  When this beneficial mutation occurs, 
there is polymorphism at the neutral locus with two alleles in frequencies p0 and 
1-p0, respectively, in each deme.  After a selective sweep, p0 in deme j changes to 
pj.  Then, heterozygosity in the total population after a selective sweep, H
(T)
, is 
given by H
(T) 
= 2p(1-p), where p =     /K.  The hitchhiking effect in the total 
population is described in this study and is measured by the ratio H
(T)
/  , where    
=  2 p0(1-p0). 
The simulation 
The above discrete-time model is simulated by a forward-in-time frequency based 
simulation.  Each generation consists of deterministic changes in haplotype 
frequencies by selection, recombination, and migration, followed by the random 
change by the step of random sampling that uses a random binomial number 
generator (Kim and Wiehe 2009).  p0 is given as a fixed value (0.2) for all demes.  
The initial distribution of the allele frequencies was also specified by the 
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distribution under mutation-migration-genetic drift equilibrium (obtained by a 
separate forward-in-time simulation) but there was little difference in the results 
when the hitchhiking effect was measured by H
(T)
/   (results not shown).  The 
beneficial mutation occurs on a randomly chosen chromosome such that the 
probability for a neutral allele to become the hitchhiking allele is equal to its 
frequency.  If the beneficial allele is lost, the simulation replicate is repeated from 
the beginning until its fixation occurs in the total population.  All simulation 
results in this research are based on 10,000 replicates for each set of parameter 
values. 
Results 
Spread of the beneficial allele in a subdivided population with two demes 
The frequency of the beneficial allele rapidly increases in a deme by positive 
directional selection.  In order for the allele to spread across the demes, it needs to 
be introduced to other demes by migration.  However, even when the allele is 
introduced to another deme by migration, it is lost just by chance by random 
genetic drift with high probability.  Therefore, there may be a „delay‟ in the 
fixation of the allele in a subdivided population compared to the case in a 
panmictic population of equal size.  In order to analyze the hitchhiking effect in a 
subdivided population, I first examined how much delay in the fixation of the 
beneficial allele is caused by the geographic structure of a population.  The deme, 
where the beneficial allele is introduced by a mutation, is defined as deme 1.  The 
beneficial allele is assumed to eventually be fixed in the total population.          
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Let Xi (T) be the frequency of the beneficial allele B in deme i at time T, which is 
measured forward in generation and defined to be zero at the time of the 
beneficial mutation.  Define     = maxT(Xi (T) > 0 and Xi(T – 1) = 0) such that     
shows the time when allele B survives the genetic drift and is established in deme 
i.  Then, the „delay‟ in the spread of allele B is defined by 
                                                                .                                                (4.1) 
(When m << s,     >     in most cases.  However, when the migration rate is higher, 
deme 1 may lose allele B and later receive the allele from deme 2.  In this case, 
the initial roles of demes 1 and 2 are switched and the delay is defined to be 
       .) 
Figure 4.2 shows the delay as a function of the migration rate, with two different 
values of selection coefficients.  As expected, the delay becomes larger when 
selection coefficients and migration rates are smaller.                        
Spread of the hitchhiking effect in a subdivided population with two demes 
Next, the spread of the hitchhiking effect is examined in a subdivided population 
that consists of two demes.  As explained above, the degree of the effect is 
measured as the ratio of the average heterozygosity at linked neutral loci after a 
selective sweep to that at linked loci before a selective sweep.  Heterozygosity is 
the probability that two randomly chosen chromosomes are different at the locus 
under examination.  In order to investigate the pattern of the hitchhiking effect 
distributed over the demes in detail, three kinds of heterozygosity with different 
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sampling schemes, H
(11)
, H
(22)
, and H
(12)
, are examined.  H
(11)
, H
(22)
, and H
(12)
, are 
the average heterozygosity at linked loci after a selective sweep when two 
chromosomes are sampled from deme 1 only, deme 2 only, and both of the demes, 
respectively.  Because of the assumption that 2Nm > 1, all of these three types of 
the average heterozygosity at neutral loci before a selective sweep are given by   . 
Then, assuming two chromosomes are randomly sampled from the demes, the 
heterozygosity ratio in the total population has the following relationship with the 
ratios of three different kinds of heterozygosity:  
                                                                      (4.2) 
The effect of the geographic structure on genetic hitchhiking may be the greatest 
in deme 2, where the beneficial allele is introduced by migration.  Therefore, the 
hitchhiking effect in deme 2, measured as         , is first examined.  Figure 4.3 
shows the heterozygosity ratio as a function of a scaled recombination rate (r/s). 
Compared to that in a corresponding single panmictic population, the 
heterozygosity ratio in a subdivided population is higher, which means the 
hitchhiking effect is diminished in a subdivided population.  Figure 4.4 shows 
how much the heterozygosity ratio is higher in a subdivided population compared 
to that in a corresponding panmictic population.  The increase in the 
heterozygosity ratio (decrease in the hitchhiking effect) in a subdivided 
population is greater when the migration rate is decreased. 
The effect of the geographic structure on genetic hitchhiking is similar when two 
chromosomes are sampled from both of the demes (Figure 4.5).  That is, 
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geographic structure of a population diminishes the hitchhiking effect.  However, 
when two chromosomes are sampled from deme 1 only, the hitchhiking effect 
becomes stronger by the geographic structure (Figure 4.6).  A smaller migration 
rate results in decrease in the heterozygosity ratio in a subdivided population 
compared to that in a corresponding panmictic population in this case.  This may 
be understood when the initial frequency of the beneficial allele is considered, 
under the assumption that migration of the beneficial allele from deme 2 to deme 
1 is rare.  Under the assumption, the initial frequency of the allele in a subdivided 
population is effectively half of that in the panmictic population, which is formed 
by combining demes 1 and 2.  The effect of genetic hitchhiking becomes stronger 
when the initial frequency of the beneficial allele is higher, because the time taken 
for the fixation of the allele becomes shorter (Barton, 2000).  Therefore, the 
hitchhiking effect in the origin of the beneficial allele is increased when m << s 
but this increase of the hitchhiking effect disappears when m approaches s. 
The hitchhiking effect in the total population as a function of the scaled 
recombination rate is shown in Figure 4.7.  The geographic structure of a 
population increases the heterozygosity ratio and thus diminishes the overall 
effect of genetic hitchhiking.  Figure 4.8 shows how much the heterozygosity 
ratio is increased by the geographic structure compared to that in a corresponding 
panmictic population.  The effect of the geographic structure on the overall effect 
of genetic hitchhiking increases when the migration rate decreases.  This effect of 
the geographic structure is significant only when m/s is small.  When m/s 
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approaches 0.1, there is little effect of the geographic structure on genetic 
hitchhiking. 
The case in a subdivided population with ten demes 
The effect of geographic structure on polymorphism in a population becomes 
stronger when the number of demes is more than two.  There is large difference in 
the migration patterns between island and stepping-stone models when the 
number of demes, K, is greater than two, whereas they are identical when K is 
equal to two.  Therefore, it is important to investigate the effect of geographic 
structure on genetic hitchhiking when K is greater than two.  As an example, I 
explore the case where K is equal to ten.  As in the case with two demes, the 
origin of the beneficial allele is defined as deme 1 and the beneficial allele is 
assumed to be fixed in the total population.  Figure 4.9 shows the time taken for 
the beneficial allele to be fixed in the total population as a function of the 
migration rate.  The time greatly increases compared to that in a corresponding 
panmictic population with the decrease in the migration rate when m << s.  On the 
other hand, the difference is small when m   s.   The effect of geographic 
structure on genetic hitchhiking in the total population is similar to that in the case 
with two demes (Figure 4.10A).  The effect of the geographic structure on the 
spread of the beneficial allele is stronger than that on the hitchhiking effect: The 
increase in the fixation time and heterozygosity ratio from those in a 
corresponding panmictic population, when m/s = 10
-2
, are 68% and 34%, 
respectively (compare Figures 4.9 and 4.10A).  The pattern in the strength of the 
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hitchhiking effect in each deme is also similar to that seen in the case with two 
demes: The hitchhiking effect is the strongest in the origin of the beneficial allele 
(deme1) and diminishes as the distance of a deme from deme 1 increases (Figure 
4.10A). 
To examine the effect of the distance-dependent migration mode in the 
stepping-stone model, corresponding results with the same parameter values in 
Wright‟s island model are shown as controls in Figure 4.10B.  In the island model, 
migrants into a deme come from all of the other demes equally and therefore, 
there is no distance-dependence in the migration mode.  Figure 4.10B shows that 
the overall effect of the geographic structure on genetic hitchhiking in the island 
model is similar to that in the stepping-stone model.  The hitchhiking effect in the 
total population diminishes with smaller migration rates.  The hitchhiking effect 
becomes stronger in the deme of origin of the beneficial allele but becomes 
weaker in the other demes (results in only three out of nine demes are shown in 
Figure 4.10B) when m/s << 1.  However, these patterns are much clearer in the 
stepping-stone model.  Therefore, the heterogeneous pattern of the hitchhiking 
effect across demes is expected to be seen in organisms with distance-dependent 
migration mode.   More detailed results concerning the heterogeneous pattern of 
the hitchhiking effect across demes in the stepping-stone model is shown in Table 
1.  In the table, H
(ij)
 is the average value of the heterozygosity at the linked locus 
when two chromosomes are sampled from demes i and j.  The coefficient of 
variation, cvij, is given by cvij =                  .  FST is the average value of 
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Wright‟s FST at the linked locus and is given by FST = (H
(T)
 – H(S))/H(T), where H(T) 
is the heterozygosity in the total population and H
(S)
 = (            .  The results 
show that the decrease in migration rates result in greater increase in FST 
compared to that in the coefficient of variation.  Note that the simulation assumes 
the same initial allele frequencies at the linked locus in all demes (FST = 0).  As 
reported by Slatkin and Wiehe (1998) and Bierne (2010), the effect of population 
structure on genetic differentiation at the linked locus is highly dependent on the 
recombination rate: For a given m, intermediate values of r/s (0.03-0.1) give the 
largest values of FST. 
Discussion 
Geographic and demographic structures of natural populations have significant 
effects on evolutionary genetic processes and therefore patterns of polymorphism 
including footprints of genetic hitchhiking (Jensen et al. 2005, Nielsen et al. 2005, 
Li and Stephan 2006, Kim and Gulisija 2010, Stephan 2010).  This study 
examined how the geographical structure of natural populations affects the spread 
of the beneficial allele and hitchhiking effect in simple models of population 
subdivision.  Footprints of genetic hitchhiking were shown to be affected even by 
relatively weak population structure such that its impact may not influence the 
patterns of neutral polymorphism.  The geographic structure of a population 
modulates footprints of genetic hitchhiking in several important ways.    
First, the hitchhiking effect is diminished in a subdivided population if the 
migration rate is much smaller than the selection coefficient.  As briefly argued by 
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Barton (2000), this is because the opportunities for recombination to break down 
the association between beneficial and neutral alleles increase when the time 
taken for the fixation of the beneficial allele increase in a geographically 
structured population.  This result indicates the strength of selection estimated 
under models of genetic hitchhiking in a panmictic population (Kim and Stephan 
2002, Thornton et al. 2007) may be underestimated.  Furthermore, the effect of 
the geographic structure on the spread of the beneficial allele was shown to be 
even greater than that on the hitchhiking effect.  These results indicate that the 
strength of selection estimated from the chromosomal span of reduced 
polymorphism may be greater than that estimated from the age of the sweeping 
haplotype inferred from rare mutations (see, for example, S  ez et al. 2003, 
Meikeljohn et al. 2004, and Xue et al. 2006).  However, it is not clear whether 
such difference can be detected with reasonable statistical power. 
Another important result is the negative relationship between the strength 
of the hitchhiking effect in a deme and its distance from the origin of the 
beneficial mutation.  This is because of the increased time taken for the fixation of 
the beneficial allele and therefore opportunities for recombination in demes where 
the allele is introduced by migration.  Slatkin and Wiehe (1998) and Bierne 
(2010) demonstrated that the degree of genetic differentiation at linked loci can be 
increased by genetic hitchhiking and suggested that this is because a selective 
sweep leaves heterogeneous polymorphism across populations, which is in 
accordance with the results here.  The heterogeneous outcomes in a subdivided 
population result when positive directional selection occurs faster than migration.  
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This gradient of the footprints of genetic hitchhiking may help scientists to infer 
the origin of the beneficial mutation and patterns of migration difficult to detect at 
isolated neutral loci.   
The results in this study were obtained in simple models of a structured 
population, where demes have equal size and the population structure remains the 
same during the process.  However, natural populations experience complex 
demographic changes.  For example, an ancestral population is split into several 
demes distributed over geographic space, which is known to have important 
impacts on polymorphism.  Nonetheless, the results in this study should be 
applicable to natural populations.  If a beneficial allele spreads very rapidly across 
demes by strong selection, the hitchhiking process would occur under effectively 
constant demographic structure, because major demographic changes occur at a 
time scale much longer than that of a selective sweep.  The results here apply as 
long as demes are genetically homogeneous when a selective sweep begins.  This 
condition would be met if the demes under study recently derived from an 
ancestral population and are genetically similar to each other. 
This study suggests that other aspects of the footprints of genetic 
hitchhiking, such as those in site frequency spectrum and linkage disequilibrium, 
may be also significantly affected by the geographic structure of a population.  
Site frequency spectrum and linkage disequilibrium are highly dependent on the 
shape of the coalescent trees at the linked loci, which is strongly influenced by the 
shape of the genealogy at the selected locus (Fay and Wu 2000, Kim and Nielsen 
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2004, McVean 2007, Pfaffelhuber et al. 2008).  For example, Pfaffelhuber et al. 
(2006) showed that approximating the genealogy at the selected locus by a Yule 
process corrects the error introduced by the assumption of the simplified star-like 
genealogy.  Population subdivision is likely to result in great deviation from the 
star-like genealogy that cannot be handled by the Yule process.  In particular, the 
deviation is expected to have significant impacts when the force of selection is 
stronger than that of migration.  Further studies are necessary to characterize the 
footprints of genetic hitchhiking in a subdivided population. 
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r/s m/s 
H(11) 
(cv11) 
H(33) 
(cv33) 
H(66) 
(cv66) 
H(13) 
(cv13) 
H(16) 
(cv16) 
H(36) 
(cv36) 
FST 
0.01 0.01 
0.041 
(1.81) 
0.057 
(1.72) 
0.080 
(1.51) 
0.057 
(1.78) 
0.082 
(1.76) 
0.089 
(1.65) 
0.068 
0.01 0.03 
0.042 
(1.66) 
0.054 
(1.60) 
0.078 
(1.43) 
0.052 
(1.59) 
0.070 
(1.55) 
0.075 
(1.49) 
0.037 
0.01 0.1 
0.047 
(1.49) 
0.054 
(1.45) 
0.069 
(1.33) 
0.052 
(1.43) 
0.061 
(1.36) 
0.064 
(1.35) 
0.015 
0.01 0.3 
0.045 
(1.40) 
0.051 
(1.39) 
0.057 
(1.33) 
0.051 
(1.38) 
0.054 
(1.33) 
0.055 
(1.34) 
0.0047 
0.01 1 
0.049 
(1.34) 
0.049 
(1.34) 
0.049 
(1.34) 
0.049 
(1.34) 
0.049 
(1.34) 
0.049 
(1.33) 
0.00086 
0.001 0.1 
0.0049 
(4.18) 
0.0054 
(4.27) 
0.0077 
(4.06) 
0.0053 
(4.03) 
0.0066 
(3.99) 
0.0069 
(4.03) 
0.0060 
0.003 0.1 
0.014 
(2.52) 
0.016 
(2.51) 
0.022 
(2.36) 
0.016 
(2.44) 
0.019 
(2.42) 
0.020 
(2.37) 
0.0088 
0.01 0.1 
0.047 
(1.49) 
0.054 
(1.45) 
0.069 
(1.33) 
0.052 
(1.43) 
0.061 
(1.36) 
0.064 
(1.35) 
0.015 
0.03 0.1 
0.119 
(0.95) 
0.133 
(0.92) 
0.161 
(0.84) 
0.130 
(0.92) 
0.149 
(0.87) 
0.155 
(0.86) 
0.022 
0.1 0.1 
0.246 
(0.55) 
0.258 
(0.52) 
0.281 
(0.43) 
0.257 
(0.52) 
0.276 
(0.48) 
0.279 
(0.46) 
0.021 
0.3 0.1 
0.312 
(0.23) 
0.313 
(0.21) 
0.316 
(0.17) 
0.315 
(0.20) 
0.319 
(0.16) 
0.319 
(0.16) 
0.0098 
1 0.1 
0.317 
(0.14) 
0.317 
(0.14) 
0.318 
(0.14) 
0.319 
(0.11) 
0.321 
(0.10) 
0.320 
(0.10) 
0.0063 
Table 4.1. The heterogeneous pattern of footprints of genetic hitchhiking across 
demes in the stepping stone model with parameter values K = 10, s = 0.01, 2N = 
10
5
, where K, s, and 2N are number of demes, selection coefficient, and effective 
size of each deme, respectively (reproduced from Kim and Maruki 2011). 
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Figure 4.1. Comparison of the two-locus model of genetic hitchhiking in a 
panmictic population with that in a subdivided population (reproduced from Kim 
and Maruki 2011).  Chromosomes shown in each population carry alleles at a 
selected locus (ancestral allele b or beneficial allele B) and a neutral locus (allele 
A or allele a).  Allele b is initially fixed in the panmictic population.  The 
beneficial allele is introduced by a mutation on a chromosome and the hitchhiking 
allele A becomes associated with allele B (stage 1a above).  Then, the frequency 
of haplotype BA rapidly increases by positive directional selection when the 
amounts of recombination between the two loci are limited.  At stage 1b, a BA 
chromosome recombines with a ba chromosome (indicated by “×”), which 
allows the increase of haplotype Ba in the population.  Allele a thus survives the 
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wipeout but exists in low frequency when allele B is fixed (stage 1c).  In a 
subdivided population, the rapid increase of allele B, along with allele A initially 
occurs only in the first deme (stages 2a and 2b).  While allele B increases, its 
association with allele A is broken by recombination (stage 2b) and a chromosome 
carrying alleles B and A migrates to the second deme and starts increasing there 
(stage 2c).  Association between alleles B and A is also broken by recombination 
in the second deme (stage 2c).  Allele B is fixed in the first deme while it is still in 
intermediate frequency in the second deme (stage 2d).  When allele B is fixed in 
the second deme (stage 2e), the frequency of allele a is low in both demes.  Note 
that, a Ba instead of BA chromosome also can migrate at stage 2c , in which case 
allele a becomes dominant in the second deme and much less change in the 
overall allele frequencies at the neutral locus in the total population results after a 
selective sweep. 
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Figure 4.2. Delay (δ) in the spread of a beneficial allele as a function of the 
migration rate m with parameter values K = 2, s = 0.01 (gray) or 0.1 (dark) and 2N 
= 10
4 
(reproduced from Kim and Maruki 2011).  Average ± standard error of δ are 
shown for each m.       
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Figure 4.3. The effect of genetic hitchhiking on heterozygosity, when two 
chromosomes are randomly sampled from deme 2, measured by the average 
heterozygosity ratio      /  , as a function of the scaled recombination rate with 
parameter values K = 2, s = 0.01 (dark) or 0.1 (gray), 2N = 10
5
, and m/s = 0.01 
(reproduced from Kim and Maruki 2011).  Continuous and dashed curves show 
the hitchhiking effect in the subdivided population and that in a corresponding 
panmictic population of effective size 4N, respectively.       
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Figure 4.4. The effect of population subdivision on the hitchhiking effect, when 
two chromosomes are randomly sampled from deme 2, measured as the average 
heterozygosity ratio               
    
      , as a function of the migration rate 
m with parameter values K = 2, 2N = 10
5
, r/s = 0.01, s = 0.01 (dark) or 0.1 (gray) 
(reproduced from Kim and Maruki 2011).  Average ± 2 standard error of 
             
    
      are shown for each m.       
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Figure 4.5. The effect of population subdivision on the hitchhiking effect, when 
two chromosomes are randomly sampled from demes 1 and 2, measured as the 
average heterozygosity ratio               
    
      , as a function of the 
migration rate m with parameter values K = 2, 2N = 10
5
, r/s = 0.01, s = 0.01 (dark) 
or 0.1 (gray) (reproduced from Kim and Maruki 2011) .  Average ± 2 standard 
error of              
    
      are shown for each m. 
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Figure 4.6. The effect of population subdivision on the hitchhiking effect, when 
two chromosomes are randomly sampled from deme 1, measured as the average 
heterozygosity ratio               
    
      , as a function of the migration rate 
m with parameter values K = 2, 2N = 10
5
, r/s = 0.01, s = 0.01 (dark) or 0.1 (gray) 
(reproduced from Kim and Maruki 2011).  Average ± 2 standard error of 
             
    
      are shown for each m. 
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Figure 4.7. The effect of genetic hitchhiking on heterozygosity, when two 
chromosomes are randomly sampled from the total population, measured as the 
average heterozygosity ratio        , as a function of the scaled recombination 
rate r/s with parameter values K = 2, 2N = 10
5
, m/s = 0.01, s = 0.01 (dark) or 0.1 
(gray) (reproduced from Kim and Maruki 2011).  Continuous and dashed curves 
show the hitchhiking effect in the subdivided population and that in a 
corresponding panmictic population of effective size 4N, respectively.   
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Figure 4.8. The effect of population subdivision on the hitchhiking effect, when 
two chromosomes are randomly sampled from the total population, measured as 
the average heterozygosity ratio              
   
      , as a function of the 
migration rate m with parameter values K = 2, 2N = 10
5
, r/s = 0.01, s = 0.01 (dark) 
or 0.1 (gray) (reproduced from Kim and Maruki 2011).  Average ± 2 standard 
error of              
    
      are shown for each m. 
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Figure 4.9. The average time taken for the beneficial allele to be fixed in the total 
population as a function of the migration rate with parameter values K = 10, 2N = 
10
5
, and s = 0.01 (reproduced from Kim and Maruki 2011).  The expected fixation 
time in a corresponding panmictic population, 2 log(4NKs)/s, is shown by the 
dashed line.     
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Figure 4.10. The hitchhiking effect in each deme (from deme 1 to deme 6 shown 
by curves with increasing dash sizes) and total population (gray curve), measured 
as the average heterozygosity ratio           , as a function of the migration rate m, 
in the stepping-stone model (A) and island model (B) with parameter values K = 
10, 2N = 10
5
, s = 0.01(identical to those in Figure 4.9), and r/s = 0.01 (reproduced 
from Kim and Maruki 2011).  Note that deme 6 is the farthest from deme 1, where 
the beneficial mutation occurs, in the stepping-stone model.     
 
 
 
                          
deme 1 
deme 6 
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CHAPTER 5: THE STOCHASTIC DYNAMICS OF A HITCHHIKING 
ALLELE 
Abstract 
Conditioning a Wright-Fisher model on the fixation of the beneficial allele has a 
large impact on the dynamics of the alleles.  In this research, I investigate the 
effect of the conditioning on the dynamics of alleles at a neutral locus linked to 
the selected locus.  The conditioned process is explicitly derived in the diffusion 
process of a selective sweep in the Wright-Fisher model.  The stochastic 
dynamics of a hitchhiking allele are examined in the conditioned diffusion 
process and some interesting aspects of the process including „reverse hitchhiking‟ 
are revealed.  
Introduction 
When a beneficial allele rapidly increases in frequency during the process of a 
selective sweep, neutral or deleterious alleles linked to the beneficial allele also 
increase in frequency by genetic hitchhiking (Maynard Smith and Haigh 1974).  
Unless recombination occurs between selected and linked loci, the fixation of the 
genetic background on which the beneficial mutation occurred results after a 
selective sweep. Development of mathematical models of genetic hitchhiking 
has been motivated by two main reasons.  First, because polymorphism 
surrounding targets of positive directional selection tends to be low, scientists can 
identify potential targets of positive directional selection (reviewed in Thornton et 
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al. 2007) and estimate the strength and timing of the sweeps (e.g. Kim and 
Stephan 2002, Przeworski 2003).  Second, depending on the relative frequencies 
of selective sweeps and recombination, genetic hitchhiking could be an important 
force shaping the genomic pattern of polymorphism within species (e.g. Gillespie 
2000, Begun et al. 2007).  For both purposes, in-depth quantitative descriptions of 
footprints of genetic hitchhiking are necessary to correctly interpret empirical data 
of nucleotide sequences and a number of mathematical models have been built 
with these goals in mind (Maynard Smith and Haigh 1974, Ohta and Kimura 1975, 
Kaplan et al. 1989, Stephan et al. 1992, Braverman et al. 1995, Fay and Wu 2000, 
Gillespie 2000, Kim and Stephan 2002, Przerorski 2002). 
 Although the first mathematical model of genetic hitchhiking was 
deterministic (Maynard Smith and Haigh 1974), subsequent studies have 
emphasized that stochastic models are needed to describe the footprints of genetic 
hitchhiking in natural populations (Barton 1998, Przeworski 2003, Durrett and 
Schweinsberg 2004, Jensen et al. 2005, Pfaffelhuber et al. 2006, Teshima et al. 
2006).  This is because the dynamics of polymorphism in a finite population 
subject to random genetic drift can easily deviate from the theoretical predictions 
of deterministic models.  Much of the recent development of mathematical 
models of genetic hitchhiking has been motivated by the need for distinguishing 
footprints of selective sweeps from stochastic fluctuations of polymorphism 
across the genome (e.g. Jensen et al. 2005, Jensen et al. 2007, Pavlidis et al. 2010).  
The dynamics of a beneficial allele is greatly affected by random genetic drift.  
For example, several studies have demonstrated that the mean time taken for the 
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fixation of the beneficial allele is shorter when it is conditioned on fixation in a 
stochastic model compared to that in a corresponding deterministic model (Barton 
1998, Durrett and Schweinsberg 2004, Eriksson et al. 2008).  As a result, the 
effect of genetic hitchhiking is expected to be stronger in stochastic models, 
because, on average, the opportunities for recombination to break down the 
association between beneficial and linked alleles decrease.   
Because empirical data of nucleotide sequences are usually available only 
in a sample of small size at present time, most recent studies of genetic 
hitchhiking have used coalescent processes to study the distribution of 
polymorphism after a selective sweep.  The increasing availability of the 
empirical data in larger samples at various time points motivates this study to 
describe the dynamics of hitchhiking alleles in a diffusion process.  For example, 
the genomic data of polymorphism in large samples are increasing in various 
organisms including humans (e.g., Altshuler et al. 2010).  Serially-sampled data 
sets for rapidly evolving organisms such as HIV (e.g., Drummond et al. 2003) 
provide opportunities for analyzing the dynamics of a selective sweep as a 
function of time.  In addition, improvements in ancient DNA techniques provide 
serial genetic data for some taxa with much lower mutation rates including 
humans and several domesticated species (e.g., Fehren-Schmitz et al. 2011).  In 
this study, I investigate the stochastic dynamics of the hitchhiking allele by 
conditioning the diffusion process of genetic hitchhiking on the fixation of the 
beneficial allele.  The mathematical technique used for this conditioning is known 
as Doob‟s h-transform and has been used by several authors to study the 
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dynamics of polymorphism at a single locus in diffusion processes (e.g., Kimura 
and Ohta 1969, Maruyama 1974, Watterson 1977, Griffiths 2003, Pfaffelhuber et 
al. 2006).  The diffusion process of selected and neutral loci in a selective sweep 
model is conditioned and therefore its effect at the neutral locus is formulated in 
this study.  This makes it possible to efficiently analyze the diffusion process 
either by simulating the process itself or by numerically solving the associated 
Kolmogorov forward equation.  Furthermore, the dynamics of a hitchhiking 
deleterious allele can be examined in the framework of the model here.   
Materials and Methods 
The model 
The population in the model is a diploid population of effective size N.  There are 
two loci on the same chromosome, one of which is selected and the other neutral.    
Recombination occurs at rate c per generation between the two loci.  No 
dominance in either of the alleles is assumed and the relative fitnesses of the three 
genotypes BB, Bb, and bb are specified as 1 + 2s, 1 + s, and 1, respectively.  
There are two alleles at the neutral locus and let these be denoted when the 
beneficial mutation occurs at time t = 0.  I call the neutral allele initially 
associated with the beneficial allele the hitchhiking allele A although, as shown 
later, recombination events early in the process can cause the other allele a to 
increase to a higher frequency than A.  Let q0 denote the frequency of allele A at 
time zero.  Then, the initial frequencies of the four haplotypes AB, Ab, aB, and ab 
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are 1/(2N), q0 – 1/(2N), 0, and 1 – q0, respectively.  Reproduction occurs 
according to the Wright-Fisher model. 
Conditioning the hitchhiking process on the fixation of the beneficial allele 
The diffusion process in the above model is derived and expressed by its 
infenetesimal generator.  Then, the diffusion process is conditioned on the 
fixation of the beneficial allele by Doob‟s h-transform. 
Simulation of the conditioned diffusion process 
The conditioned diffusion process is used for a discrete-time simulation that 
iterates deterministic change in haplotype frequencies identified in the 
conditioned diffusion process followed by random change by the step of random 
sampling that uses a binomial random number generator.    
Results   
Diffusion process in the model 
Let Di and Dij denote 
 
   
 and 
 
      
, respectively.  Then, provided that the 
population size N is sufficiently large and the time is measured in units of 2N 
generations, the changes in the haplotype frequencies can be approximated by a 
three dimensional diffusion process with the following infinitesimal generator: 
                                 Lf           
 
  
              ,                                 (5.1) 
where 
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  ,           (5.2) 
                               
                  
                  
                  
  .                   (5.3) 
b(x) and a(x) are the infinitesimal drift vector and the diffusion matrix, 
respectively, and       and       are the scaled selection coefficient and 
recombination rate, respectively. 
Conditioning the diffusion process on the fixation of the beneficial allele 
The diffusion process conditioned on the fixation of the beneficial allele is 
derived by applying Doob‟s h-transform to the process shown above.  Let        
h(x1, x3) be the fixation probability of the beneficial allele B starting from the 
frequency x1 + x3.  Because the fixation probability of the beneficial allele does 
not depend on the frequencies of the alleles at the neutral locus, h(x1, x3) can be 
calculated using the theory of one-dimensional diffusion processes (Durrett 2008) 
and is given by the following equation: 
                                                  
             
      
                                           (5.4) 
Then, the infinitesimal generator of the diffusion process conditioned on the 
fixation of B is obtained from the h-transform via the following equation: 
                                               
 
         
                                                    (5.5) 
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By substituting equations 5.1 and 5.4 into equation 5.5 and then simplifying, the 
drift vector b
h
(x) and diffusion matrix a
h
(x) of the conditioned process are 
identified as follows: 
       
 
                                                 
                                              
                                                 
  ,      (5.6) 
                                                             .                                                 (5.7) 
Thus the conditioned diffusion process is found from the original process by 
substituting the scaled selection coefficient   by the frequency-dependent term, 
              , whenever it appears. By using Ito‟s change-of-variables 
formula, the generator of the conditioned process can be also expressed in terms 
of marginal frequencies of alleles A and B, xA and xB, and the linkage 
disequilibrium coefficient between the selected and neutral loci, D = xAB – xAxB, as 
follows: 
          
           
                  
                          
  ,              (5.8) 
         
                 
                 
                 
  ,       (5.9) 
where F =                                   
 (Innan 2003). 
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Simulation of the conditioned diffusion process 
One of the advantages of the conditioned diffusion process defined by equations 
5.6 and 5.7 is that it enables efficient simulations of genetic hitchhiking.  If the 
unconditioned process defined by equations 5.2 and 5.3 is used to conduct the 
simulations, we need to discard those frequency paths where the beneficial allele 
is lost.   In contrast, the beneficial allele is guaranteed to be fixed in the 
conditioned process.  Table 1 shows the ratio of the average time taken to 
simulate 10,000 selective sweeps using the unconditioned process to that using 
the conditioned process.  As expected, the efficiency of the conditioned process 
increases when the fixation probability of the beneficial allele decreases, when 
selection is weaker or the initial frequency of the beneficial allele is lower.  For 
example, the conditioned process is more than four times more efficient than the 
original process when α = 2, γ = 5, and 2N = 2·105.                                           
Figure 5.1A shows five examples of frequency paths of the hitchhiking allele A 
with parameter values 2N = 2·10
6
, α = 200, γ = 5, and q0 = 0.1.  In most cases, the 
frequency of allele A rapidly increases through time as a result of genetic 
hitchhiking.  However, occasionally, the frequency of allele A first increases and 
then decreases to a value smaller than q0.  This may occur if recombination 
generates a Ba gamete early in the process of a selective sweep.  I call this event 
reverse hitchhiking.  Figure 5.1B shows paths of the linkage disequilibrium 
coefficient D for the same replicates of the process as those in Figure 5.1A.  There 
is a strong correlation between the change of the frequency of allele A and that of 
D when 2N is large.  In particular, when reverse hitchhiking occurs, D becomes 
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negative throughout most of the process.  Figure 5.2 shows estimates of the 
probability of reverse hitchhiking obtained by running 10
5 
simulation replicates of 
the conditioned process.  In these simulation replicates, the initial frequency of the 
hitchhiking allele was specified such that the probability that an allele becomes 
the hitchhiking allele is proportional to its frequency given by the stationary 
distribution under mutation-drift equilibrium.  As expected, reverse hitchhiking 
does not occur frequently and its probability increases when the selective 
advantage of the beneficial allele decreases or the recombination rate between the 
selected and neutral loci increases.               
Discussion 
The use of conditioned diffusion processes to model the effect of genetic 
hitchhiking at linked loci could be extended in several directions.  First, the 
diffusion process of a selective sweep with multiple loci linked to the positively 
selected locus can be conditioned by Doob‟s h-transform provided that the linked 
loci are neutral.  The conditioned diffusion process of such models is heuristically 
expected to differ from the unconditioned process in the same way as that in the 
two-locus model shown in this study: every scaled selection coefficient α in the 
original diffusion process is replaced by a frequency dependent term           , 
where xB is the frequency of the beneficial allele B, in the conditioned diffusion 
process.  This is because the multi-dimensional process is conditioned on the 
fixation of the beneficial allele at the selected locus only and the effect of the 
conditioning on the process should be the same as long as linked loci are neutral. 
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 It may also be possible to use conditioned diffusions to study the effect of 
genetic hitchhiking on a linked weakly deleterious allele.  Several empirical 
studies have found potential examples of genetic hitchhiking of a deleterious 
allele (e.g., Bachtrog 2004, Williamson et al. 2007, Chun and Fay 2011).  The 
stochastic dynamics of the deleterious hitchhiking allele can be naturally studied 
in the framework of this model, at least by simulation, by introducing purifying 
selection at the linked locus.  How the footprints of genetic hitchhiking are 
modulated by the existence of purifying selection is an important topic that needs 
to be addressed, given the accumulating molecular evidence of widespread 
existence of purifying selection in the genome of various organisms, including 
humans. 
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2N         α              γ Ratio of the average time taken 
200,000       200         5                             0.75 
    200,000         20         5                             0.57 
    200,000           2         5                              0.23 
      20,000       200         5                             0.84 
      20,000         20         5                             0.65 
      20,000           2         5                              0.28 
        2,000       200         5                             0.91 
        2,000         20         5                             0.76 
        2,000           2         5                              0.39 
           200       200         5                             1.00 
           200         20         5                             0.88 
           200           2         5                              0.53 
Table 5.1. The ratio of the average simulation time taken with the conditioned 
process to that with the original process.  A total of 10
4
 simulation replicates are 
run to calculate the average time. 
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A. Frequency of the hitchhiking allele A 
 
B. Linkage disequilibrium coefficient D 
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Figure 5.1. Sample paths of the frequency of the hitchhiking allele A (A) and 
linkage disequilibrium coefficient D (B) in five replicates of the simulation with 
parameter values 2N = 2·10
6
, α = 200, γ = 5, and q0 = 0.1.    
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Figure 5.2. Probability of reverse hitchhiking as a function of α and γ, where α 
and γ are the scaled selection coefficient and recombination rate, respectively, 
estimated by the simulation.  The logarithmic scale with base ten is used on the 
axes.  Reverse hitchhiking is defined to be the case where the frequency of the 
hitchhiking allele after a selective sweep, qT, is smaller than its initial value, q0.  
The stationary distribution under mutation-drift equilibrium is applied to q0.  2N = 
2·10
4
, α = 2, 20, 200, γ = 0.1, 0.5, 1, 2, 5, 7.5, 10 are used.  A total of 105 
simulation replicates are run for each set of parameter values to estimate the 
probability. 
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